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The dissertation work ”Analytical methods for solving some classes

of fuzzy integro-differential equations” consists of an introduction, four

chapters, a conclusion and a bibliography. The bibliography contains 103

titles. The total volume of the dissertation is 107 pages. The list of author

publications includes 5 titles.

The defense materials are available for those interested in the

FMI secretariat, New Building of PU ”Paisiy Hilendarski”, 236 ”Bul-

garia” Blvd., cab. 330, every working day from 8:30 AM to 5:00 PM.

The numbering of theorems, lemmas, remarks, and definitions in

the abstract includes your numbering in the dissertation.
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Introduction

Introduction

Actuality of the dissertation

One of the main tools of applied mathematics is the integral equa-

tion. Many branches of science and engineering naturally contain integral

equations. Functional equations such as partial differential equations, in-

tegral and integro-differential equations, stochastic equations, and others

are often created when real-world problems are modeled mathematically.

Integro-differential equations are the general component of mathematical

descriptions of physical phenomena. They can be found in fluid dynam-

ics, biological models, and chemical kinetics. Integra-differential equations

arise in numerous physical processes, including the formation of glass [31],

nanohydrodynamics [20], droplet condensation [28], wind waves in the

desert [7] and biological model [25].

In some cases, information about real-life problems encountered

is fraught with uncertainty. This uncertainty results from several factors,

such as measurement errors, insufficient data, or if limiting conditions are

introduced. So it is necessary to have mathematical tools to understand

this uncertainty. Therefore, the formation of a convenient and applicable

algorithm is important to achieve an accurate mathematical structure to

process and solve them.

Fuzzy differential and integral equations are a powerful tool for

modeling dynamical systems describing processes and phenomena from

mathematical physics, fuzzy financial and economic systems, and fuzzy

financial mathematics. They are characterized by data that is not pre-

cisely defined [34, 11, 27, 32, 35] there is a loss of some of them or they

are obtained from more than one source.

In recent years, many scholars have contributed to the research

and study of the solutions of fuzzy integro-differential equations using

various numerical and analytical techniques. These techniques include

the homotopy perturbed method [1, 24], Picard method [5, 26] Laplace

and Adomian decomposition method [2, 9, 16], Sumudu decomposition

method [3, 21], fuzzy differential - transform method [6, 23], generalized

linear method [22] and other. The existence and uniqueness of the solu-

tion of fuzzy integro-differential equations are studied in [12, 19, 26, 30].

4



Introduction

The fuzzy theory of partial differential and integro-differential

equations is a new and important branch of fuzzy mathematics. It has

wide applications due to the fact that many practical problems in indus-

trial engineering, computer science, physics, artificial intelligence, and op-

erations research can be converted to imprecise partial values. The topic

of fuzzy partial integro-differential equations has attracted the attention

of researchers recently because it is considered a powerful tool to repre-

sent fuzzy parameters and deal with their dynamical systems in natural

fuzzy environments. Indeed, it has great significance in the theory of fuzzy

analysis and its applications in fuzzy control models, artificial intelligence,

quantum optics, atmospheric measurement theory, etc. [4, 8, 10, 12].

Purposes and objectives of the dissertation work

The main objects of research in the dissertation work are non-

linear fuzzy Volterra-Fredholm integro-differential equation, linear fuzzy

Volterra integro-differential equation and linear partial fuzzy Volterra

integro-differential equation.

The main objectives of the dissertation work are the following:

1. To expand the mathematical apparatus of nonlinear fuzzy integro-

differential equations, necessary to study the existence and unique-

ness of their solution.

2. To construct fuzzy decomposition methods for finding the approx-

imate solutions of the nonlinear fuzzy Volterra-Fredholm integro-

differential equation.

3. To define and investigate fuzzy integral transformations necessary to

find the exact solutions of a linear fuzzy Volterra integro-differential

equation and a linear partial fuzzy Volterra integro-differential equa-

tion.

The objectives of this dissertation work have been achieved by

solving the following tasks:

a) Finding sufficient conditions for the existence and uniqueness of the

solution of a nonlinear fuzzy Volterra-Fredholm integro-differential

equation.
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Chapter 1. A brief overview

b) Construction of a fuzzy variant of the Adomian decomposition method

to find the approximate solution of a nonlinear fuzzy Volterra-Fredholm

integro-differential equation. Finding sufficient conditions for the

convergence of the method and obtaining an estimate of the error.

c) Defining and study of fuzzy variant of Sumudu transform. Its use to

construct a fuzzy decomposition method to find the approximate so-

lution of the nonlinear fuzzy Volterra-Fredholm integro-differential

equation.

d) Defining and study of fuzzy transformation of Natural. Its appli-

cation to find the exact solution of a linear fuzzy Volterra integro-

differential equation, with fuzzy convolution.

e) Using the Sumudu fuzzy transform to find the exact solution of

Volterra’s linear partial fuzzy integro-differential equation.

f) Defining and study of the fuzzy two-dimensional Natural transform.

Its application to find the exact solution of Volterra’s linear partial

fuzzy integro-differential equation.

Structure of the dissertation

The present dissertation work is dedicated to finding approximate

and exact solutions of some classes of fuzzy integro-differential equations,

using analytical methods. It contains 107 pages and consists of an in-

troduction, four chapters, a conclusion and a bibliography. Contains 9

graphs and 1 table.

Brief overview of the dissertation work
Chapter 1. A brief overview

Chapter one is overview and it gives basic definitions and theo-

rems that are used in the dissertation work. It consists of 5 paragraphs.

In Section § 1.1 the essence of fuzzy sets, their definition and

operations on fuzzy sets are given.
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Chapter 2. Decomposition methods for solving NFIDE

In Section § 1.2 gives a definition of a fuzzy number as well

as some of its representations, the arithmetic of fuzzy numbers and the

Hukuhara difference.

In Section § 1.3 gives definitions and basic properties for fuzzy

functions of one variable, fuzzy derivative, and integral.

In Section § 1.4 gives definitions and basic properties for fuzzy

functions of two variables, fuzzy partial derivative and fuzzy integral.

In Section § 1.5 discusses Volterra’s population model, which

describes population growth within a closed system.

Chapter 2. Decomposition methods for solving NFIDE

Chapter 2 consists of 3 paragraphs in which there are separate

sections for greater clarity of the study.

In Section § 2.1 discusses the Adomian decomposition method

for the nonlinear fuzzy Volterra-Fredholm integro-differential equation

(NFIDE).

In Subsection § 2.1.1 a statement of the task is made for

NFIDE.

k∑
j=0

pj ⊙ u(j)(x) = g(x)⊕ (FR)
∫ x

a
k1(x, s)⊙G1(u(s))ds⊕

⊕(FR)
∫ b

a
k2(x, s)⊙G2(u(s))ds,

(1)

with initial conditions

u(j)(a) = bj , j = 0, 1, 2, ..., k − 1, (2)

where pj : [a, b] → R, k1, k2 : [a, b] × [a, b] → R, G1, G2 : E1 → E1

are continuous functions in E1 and g, u : [a, b] → E1 and are continuous

fuzzy numerical values of the functions bj ∈ E1, j = 0, 1, ..., k − 1 and

a, b ∈ R.
In Subsection § 2.1.2 is given the parametric form of equation
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Chapter 2. Decomposition methods for solving NFIDE

1.

u(x, r) = 1
pk
L−1(g(x, r)) + 1

pkk!

x∫
a

(x− s)
k
k1(x, s)G1(u(s, r))ds+

+ 1
pk

b∫
a

L−1(f2(x))h2(s)G2(u(s, r)))ds−

− 1
pk(k−1)!

k−1∑
j=0

pj
x∫
a

(x− s)
(k−1)

u(j)(s, r)ds+

+
k−1∑
j=0

1
j! (x− a)

j
bj(r),

(3)

Similarly we obtain

u(x, r) = 1
pk
L−1(g(x, r)) + 1

pkk!

x∫
a

(x− s)
k
k1(x, s)G1(u(s, r))ds+

+ 1
pk

b∫
a

L−1(f2(x))h2(s)G2(u(s, r)))ds−

− 1
pk(k−1)!

k−1∑
j=0

pj
x∫
a

(x− s)
(k−1)

u(j)(s, r)ds+

+
k−1∑
j=0

1
j! (x− a)

j
bj(r),

(4)

In Subsection § 2.1.3 a fuzzy variant of the Adomian decompo-

sition method is constructed and applied to find the approximate solution

of the studied equation.

Let the unknown functions (u(x, r), u(x, r)) are of the kind

u(x, r) =

∞∑
i=0

ui(x, r), u(x, r) =

∞∑
i=0

ui(x, r) (5)

Denote Dj(u(x)) =
dju(x)

dxj
, j = 0, 1, ..., k − 1.

The nonlinear operators G1(u), G1(u), G2(u), G2(u), D
j(u) and
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Chapter 2. Decomposition methods for solving NFIDE

Dj(u) are infinite series of polynomials defined by the equalities

G1(u) =
∞∑
i=0

Ai(u0, u1, ..., ui), G1(u) =
∞∑
i=0

Ai(u0, u1, ..., ui),

G2(u) =
∞∑
i=0

Bi(u0, u1, ..., ui), G2(u) =
∞∑
i=0

Bi(u0, u1, ..., ui),

Dj(u) =
∞∑
i=0

Lij
(u0, u1, ..., ui), Dj(u) =

∞∑
i=0

Lij (u0, u1, ..., ui),

(6)

where Ai = (Ai, Ai), Bi = (Bi, Bi), Lij = (Lij
, Lij ) at i ≥ 0 are the

so-called Adomian polynomials defined by

Ai(u0, u1, ..., ui) =
1
i!

di

dλi

[
G1

( ∞∑
n=0

λnun

)]
λ=0

,

Ai(u0, u1, ..., ui) =
1
i!

di

dλi

[
G1

( ∞∑
n=0

λnun

)]
λ=0

,

Bi(u0, u1, ..., ui) =
1
i!

di

dλi

[
G2

( ∞∑
n=0

λnun

)]
λ=0

,

Bi(u0, u1, ..., ui) =
1
i!

di

dλi

[
G2

( ∞∑
n=0

λnun

)]
λ=0

,

Lij(u0, u1, ..., ui) =
1
i!

di

dλi

[
Dj

( ∞∑
n=0

λnun

)]
λ=0

,

Lij(u0, u1, ..., ui) =
1
i!

di

dλi

[
Dj

( ∞∑
n=0

λnun

)]
λ=0

.

(7)

The modified Adomian decomposition method is based on the

assumption that the functions G(x, r) and G(x, r) may be divided into

two parts, so
G(x, r) = G1(x, r) +G2(x, r),

G(x, r) = G1(x, r) +G2(x, r),

where

G1(x, r) = b0(r), G2(x, r) =
1

pk
L−1(g(x, r)) +

k−1∑
j=1

1

j!
(x− a)

j
bj(r),

G1(x, r) = b0(r), G2(x, r) =
1

pk
L−1(g(x, r)) +

k−1∑
j=1

1

j!
(x− a)

j
bj(r).

9



Chapter 2. Decomposition methods for solving NFIDE

As a result, we get the recurrence formula

u0(x, r) = b0(r),

u1(x, r) = 1
pk
L−1(g(x, r)) +

k−1∑
j=1

1
j! (x− a)

j
bj(r)+

+ 1
pkk!

x∫
a

(x− s)
k
k1(x, s)A0ds+

1
pk

b∫
a

L−1(f2(x))h2(s)B0ds−

− 1
pk(k−1)!

k−1∑
j=0

pj
x∫
a

(x− s)
(k−1)

L0j
ds

...

ui+1(x, r) = 1
pkk!

x∫
a

(x− s)
k
k1(x, s)Aids+

1
pk

b∫
a

L−1(f2(x))h2(s)Bids−

− 1
pk(k−1)!

k−1∑
j=0

pj
x∫
a

(x− s)
(k−1)

Lij
ds

(8)

In Subsection § 2.1.4 sufficiently good conditions for the exis-

tence and uniqueness of the solution of the equation have been found.

Let the following conditions be satisfied:

(i) g ∈ C([a, b], E1), ki ∈ C([a, b]× [a, b],R+), i = 1, 2;

(ii) exists Li ≥ 0 and Lj ≥ 0 such that D(Gi(u), Gi(v)) ≤ LiD(u, v) and

D(Dj(u), Dj(v)) ≤ LjD(u, v) for all u, v ∈ E1, i = 1, 2, j = 0, 1, ..., k − 1

(iii) α = (L1M1 + L2M2 + kLM)(b− a) < 1, where∣∣∣∣∣k1(x, s)(x− s)
k

k!pk

∣∣∣∣∣ ≤M1,

∣∣∣∣ 1pkL−1(f2(x))h2(s)

∣∣∣∣ ≤M2,

∣∣∣∣∣ (x− s)
(k−1)

pj
pk(k − 1)!

∣∣∣∣∣ ≤Mj ,

j = 0, 1, ..., k − 1, a ≤ s ≤ x ≤ b, M = max|Mj |, L = max|Lj |.

Theorem 2.1.1. Let the conditions be met (i)− (iii). Then the integral

equations (3) and (4) have only one solution.

In Subsection § 2.1.5 he convergence of the method is proven

and the error estimate between the exact and the approximate solution

of the studied equation is obtained

Theorem 2.1.2. The endless row u(x, r) =
∞∑
i=0

ui(x, r) received from (3)

is congruent if 0 < α < 1 and |u1(x, r)| <∞.

10



Chapter 2. Decomposition methods for solving NFIDE

Theorem 2.1.3. Let the conditions be met (i)−(iii). Then the maximum

absolute error of the solution (5) on the integral equations (3) and (4)

is given by the inequalities

max
x∈J

|u(x, r)−
m∑
i=0

ui(x, r)| ≤
αmb

1− α
(M1ϕ1 +M2ϕ2 +Mϕ3), (9)

max
x∈J

|u(x, r)−
m∑
i=0

ui(x, r)| ≤
αmb

1− α
(M1ϕ1 +M2ϕ2 +Mϕ3), (10)

In Section § 2.2 the Sumudu fuzzy transform is defined. Some

of its properties are given and it is applied to fuzzy derivatives.

In Subsection § 2.2.1 a definition of fuzzy Sumudu transform

and its inverse is given.

Definition 2.2.1. Let w : R+ → E1 is a continuous fuzzy function and

the function e−x ⊙ w(ux) is integrable in a nonproprietary sense in R+.

Then

(FR)

∞∫
0

e−x ⊙ w(ux)dx,

is called the Sumudu fuzzy transform and is denoted by

W (u) = S[w(x)] = (FR)

∞∫
0

e−x ⊙ w(ux)dx, (11)

for u ∈ [−σ1, σ2], where the variable u is mapped to the variable x and

σ1, σ2 > 0.

Definition 2.2.3. The fuzzy inverse Sumudu transform is given by the

formula

S−1 [W (u)] = w(x) =
(
s−1[W (u, r)], s−1[W (u, r)]

)
, (12)

where

s−1[W (u, r)] =
1

2πı

γ+ı∞∫
γ−ı∞

e
x
uW (u, r)du

11



Chapter 2. Decomposition methods for solving NFIDE

s−1[W (u, r)] =
1

2πı

γ+ı∞∫
γ−ı∞

e
x
uW (u, r)du

For each r ∈ [0, 1] the functionsW (u, r) andW (u, r) are analytic functions

for each Reu ≥ γ, where γ is a real constant that is chosen appropriately.

In Subsection § 2.2.2 properties for Sumudu fuzzy transform

are given.

Theorem 2.2.2. Let c1, c2 are arbitrary constants. Then

S[c1 ⊙ f(x)⊕ c2 ⊙ g(x)] = c1 ⊙ S[f(x)]⊕ c2 ⊙ S[g(x)] =

= c1 ⊙ F (u)⊕ c2 ⊙G(u).

Theorem 2.2.3. Let a and b are arbitrary constants. Then

S[eax ⊙ f(x)] =
1

1− au
F

(
u

1− au

)
.

In Subsection § 2.2.3 fuzzy convolution is presented.

Definition 2.2.4. Let k, w : R+ → R are fuzzy integrable functions.

Then the fuzzy convolution of k(x) and w(x) is given by the equality

(k ∗ w)(x) = (FR)

x∫
0

k(x− s)⊙ w(s)ds. (13)

The symbol ∗ means fuzzy convolution.

Theorem 2.2.6. Let k, w : R+ → R are fuzzy integrable functions

for which the fuzzy Sumudu transform exists, i.e. s[k(x)] = K(u) and

S[w(x)] =W (u). Then

S[(k ∗ w)(x)] = us[k(x)]⊙ S[w(x)]. (14)

In Subsection § 2.2.4 basic properties of fuzzy Sumudu trans-

form related to fuzzy derivatives are given.

Theorem 2.2.7. Let w : R → E1 is a continuous fuzzy function. The

functions e−x ⊙w(ux), e−x ⊙w(n)(ux) are integrable in a nonproprietary

12



Chapter 3. Natural’s Fuzzy Transform for Solving LFVIDE

sense in R+. Then

S
[
w(n)(x)

]
=

dn

dxn
[S[w(x)]], (15)

where n ∈ N.

In Section § 2.3 a fuzzy Sumudu decomposition method is con-

structed, which is a combination of the fuzzy Sumudu transform and the

fuzzy Adomian decomposition method.

In Subsection § 2.3.1 the FSDM task has been set up.

w(n)(x) = g(x)⊕ (FR)
x∫
0

k1(x− s)⊙G1(w(s))ds⊕

⊕(FR)
b∫
0

k2(x− s)⊙G2(w(s))ds,
(16)

with initial conditions

w(i)(0) = bi, i = 0, 1, 2, ..., n− 1, (17)

where k1, k2 : [0, b] → R, G1, G2 : E1 → E1 are continuous functions in

E1 and g, w : [a, b] → E1 are continuous fuzzy functions and bi ∈ E1,

i = 0, 1, ...n− 1, b ∈ R.
In Subsection § 2.3.2 he Sumudu fuzzy transform is applied for

equation ( 16).

w0(x, r) =
n∑

j=1

s−1
[
v(n−j)b(n−j)(r)

]
+ g(x, r),

w(i+1)(x, r) = s−1
[
v(n+1)s[k1(x)]s[Ai]

]
+ s−1

[
v(n+1)s[k2(x)]s[Bi]

]
,

(18)

w0(x, r) =
n∑

j=1

s−1
[
v(n−j)b(n−j)(r)

]
+ g(x, r),

w(i+1)(x, r) = s−1
[
v(n+1)s[k1(x)]s[Ai]

]
+ s−1

[
v(n+1)s[k2(x)]s[Bi]

]
.

(19)
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Chapter 3. Natural’s Fuzzy Transform for Solving LFVIDE

Chapter 3. Natural’s Fuzzy Transform for Solving

LFVIDE

Chapter 3. consists of 3 paragraphs in which there are separate

sections for greater clarity of the study.

In Section § 3.1 the task has been set up for the linear fuzzy

Volterra integro-differential equation (LFVIDE)∫ x

0

k1(x−s)⊙w(s))ds⊕
∫ x

0

k2(x−s)⊙w(n)(s))ds = g(x), k2(x−s) ̸= 0

(20)

with initial conditions

w(i)(0) = bi, i = 0, 1, 2, ..., n− 1, (21)

where k1, k2 : [a, b] × [a, b] → R, are continuous functions in E1, g, u :

[a, b] → E1 are continuous fuzzy functions and bi, (i = 0, 1, ..., n− 1) are

constants.

In Section § 3.2 the Natural transform of the Fourier integral is

derived and related to the Laplace and Sumudu transforms

In Subsection § 3.2.1 a definition of the fuzzy Natural trans-

formation and the relationship between them is given.

Definition 3.2.3. Let w : R+ → E1 is a continuous fuzzy function and

the fuzzy function

e−sx ⊙ w(ux)

is integrable in a nonproprietary sense in R+. Then

(FR)

∞∫
0

e−sx ⊙ w(ux)dx

is called the fuzzy transform of Natural and is denoted by

W [s;u)] = N [w(x)] = (FR)

∞∫
0

e−sx ⊙ w(ux)dx, (22)

where s and u are variables of the transformation.
In Subsection § 3.2.2 and given properties of the fuzzy trans-

14



Chapter 3. Natural’s Fuzzy Transform for Solving LFVIDE

formation of Natural (FNT).

Theorem 3.2.4. Let c1, c2 are arbitrary constants. Then

N [c1 ⊙ f(x)⊕ c2 ⊙ g(x)] = c1 ⊙N [f(x)]⊕ c2 ⊙N [g(x)] =

= c1 ⊙ F [s;u]⊕ c2 ⊙G[s;u)].

Theorem 3.2.5. Let f : R+ → E1 is a fuzzy function for which N [f(x)] =

F [s;u]. Then

N [f(ax)] =
1

a
F [
s

a
;u)],

where a is an arbitrary constant.

Theorem 3.2.6. Let a and b is an arbitrary constant. Then

N [e−ax ⊙ f(x)] = F [s+ a;u].

In Subsection § 3.2.3 the fuzzy convolution is given.

Definition 3.2.6. Let k, w : R+ → R are fuzzy integrable functions.

Then the fuzzy convolution of k(x) and w(x) is given by the equality

(k ∗ w)(x) = (FR)

x∫
0

k(x− τ)⊙ w(τ)dτ,

where the symbol ∗ stands for fuzzy convolution.

Theorem 3.2.9. Let k, w : R+ → R are fuzzy functions for which

the fuzzy transformation of Natural exists, i.e. n[k(x)] = K[s;u] and

N [w(x)] =W [s;u]. Then

N [(k ∗ w)(x, t)] = un[k(x)]⊙N [w(x)]. (23)

In Subsection § 3.2.4 new results related to PTNs for m-th

order fuzzy derivatives are obtained.

Theorem 3.2.10. Let w : R+ → E1 is a fuzzy function. For each x > 0

and m ∈ N exists continuously gH-derived from (m−1)− order and exists

15



Chapter 4. Fuzzy transformations for solving LPFVIDE

dmw(x)
dxm . Functions

e−sx ⊙ w(ux), e−sx ⊙ dmw(ux)

dxm

are integrable in a nonproprietary sense in R+ × R+. Then

N

[
dmw(x)

dxm

]
=

dm

dxm
N [w(x)]. (24)

In Section § 3.3Natural’s fuzzy transform is applied to Volterra’s

fuzzy linear integro-differential equation.

N

[
(FR)

x∫
0

k1(x− τ)⊙ w(τ)dτ

]
⊕N

[
(FR)

x∫
0

k2(x− τ)⊙ w(m)(τ)dτ

]
=

= N [g(x)].

(25)

using fuzzy convolution (23) we receive

un[k1(x)]⊙N [w(x)]⊕ un[k2(x)]⊙N [w(m)(x)] = N [g(x)]. (26)

We apply Theorem 3.2.5 and from the initial conditions (21), we receive

un[k1(x)]n[w(x, r)]+un[k2(x)]

[
sm

um
n[w(x, r)]−

m∑
q=1

s(q−1)

uq
b(m−q)(r)

]
= n[g(x, r)]

un[k1(x)]n[w(x, r)]+un[k2(x)]

[
sm

um
n[w(x, r)]−

m∑
q=1

s(q−1)

uq
b(m−q)(r)

]
= n[g(x, r)].

Therefore

umn[k1(x)]n[w(x, r)] + smn[k2(x)]n[w(x, r)] =

= u(m−1)n[g(x, r)] + n[k2(x)]
m∑
q=1

s(q−1)u(m−q−1)b(m−q)(r),
(27)

umn[k1(x)]n[w(x, r)] + smn[k2(x)]n[w(x, r)] =

= um−1n[g(x, r)] + n[k2(x)]
m∑
q=1

s(q−1)u(m−q−1)b(m−q)(r),
(28)
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Chapter 4. Fuzzy transformations for solving LPF-

VIDE

Chapter 4. consists of 3 paragraphs in which there are separate

sections for greater clarity of the study.

In Section § 4.1 the task has been set up for the linear partial

fuzzy Volterra integro-differential equation (LPFVIDE).

m∑
i=1

ai ⊙ ∂iw(x,t)
∂xi ⊕

n∑
j=1

bj ⊙ ∂jw(x,t)
∂tj ⊕ c⊙ w(x, t) =

= g(x, t)⊕ (FR)
t∫
0

k(t− s)⊙ w(x, s)ds,
(29)

with initial conditions

∂iw(x, 0)

∂tj
= ψj(x), i = 0, 1, ..., n− 1, (30)

in boundary conditions

∂iw(0, t)

∂xi
= φi(t), i = 0, 1, ...,m− 1, (31)

where k : [0, d] → R is a continuous function, g, w : [0, b] × [0, d] → E1,

φi : [0, d] → E1, ψj : [0, b] → E1 are continuous fuzzy functions and ai,

i = 1, 2, ...m, bj , j = 1, 2, ...n, c, are constants.

In Section § 4.2 the fuzzy Sumudu transform (FST) was used

to solve fuzzy partial integro-differential equations.

In Subsection § 4.2.1 a definition of RTS for a function of two

variables and its inverse are given. In addition, some of its main properties

have been proven.

Definition 4.2.1. Let w : R+ ×R+ → E1 is a continuous fuzzy function

and the function e−t⊙w(x, vt) is integrable with respect to t in R+. Then

(FR)

∞∫
0

e−t ⊙ w(x, vt)dt,

17



Chapter 4. Fuzzy transformations for solving LPFVIDE

is called the fuzzy Sumudu transform for a function of two variables and

is denoted by

W (x, v) = St[w(x, t)] = (FR)

∞∫
0

e−t ⊙ w(x, vt)dt, (32)

for v ∈ [−σ1, σ2], where the variable v is mapped to the variable t in the

fuzzy function and σ1, σ2 > 0.

Definition 4.2.3. The fuzzy inverse Sumudu transform for a function of

two variables is given by the formula

S−1
t [W (x, v)] = w(x, t) =

(
s−1
t [W (x, v, r)], s−1

t [W (x, v, r)]
)
, (33)

where

s−1
t [W (x, v, r)] =

1

2πı

δ+ı∞∫
δ−ı∞

e
t
vW (x, v, r)dv

s−1
t [W (x, v, r)] =

1

2πı

δ+ı∞∫
δ−ı∞

e
t
vW (x, v, r)dv

For each r ∈ [0, 1] functions W (x, v, r) and W (x, v, r) are analytic func-

tions for each Rev ≥ δ, where δ is a real constant that is chosen appro-

priately.

Theorem 4.2.2. Let c1, c2 are arbitrary constants. Then

St[c1 ⊙ f(x, t)⊕ c2 ⊙ g(x, t)] = c1 ⊙ St[f(x, t)]⊕ c2 ⊙ St[g(x, t)] =

= c1 ⊙ F (x, v)⊕ c2 ⊙G(x, v).

Theorem 4.2.3. Let a is an arbitrary constant. Then

St[e
bt ⊙ f(x, t)] =

1

1− bv
F

(
x,

v

1− bv

)
.

InSubsection § 4.2.2 definition and theorem of fuzzy convolu-

tion are given.

18
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Definition 4.2.4. Let k(t) and w(x, t) are fuzzy integrable functions.

Then the fuzzy convolution of k(t) and w(x, t) regarding t is given by the

equality

(k ∗ w)(x, t) = (FR)

t∫
0

k(t− s)⊙ w(x, s)ds. (34)

where the symbol ∗ means the fuzzy convolution about t.

Theorem 4.2.6. Let k : R+ → R and w : R+ × R+ → R are fuzzy

functions for which the fuzzy two-dimensional Sumudu transform exists,

i.e. st[k(t)] = K(v) and St[w(x, t)] =W (x, v). Then

St[(k ∗ w)(x, t)] = vst[k(t)]⊙ St[w(x, t)]. (35)

In Subsection § 4.2.3 the main properties of the FST for a

function of two variables related to partial fuzzy derivatives are obtained.

Theorem 4.2.7. Let w : R+ × R+ → E1 is a continuous function. The

functions

e−t ⊙ w(x, vt), e−t ⊙ ∂nw(x, vt)

∂tn

are integrable about t in R+. Then

St

[
∂nw(x, t)

∂tn

]
=

∂n

∂tn
St[w(x, t)], (36)

where n ∈ N.

In Subsection § 4.2.3 the FST method is used for the investi-

gated equation, which reduces to a fuzzy ordinary differential equation.

We apply FST about the variable t and we get

S

[
m∑
i=1

ai
∂iw(x,t)

∂xi

]
⊕ S

[
n∑

j=1

bj
∂jw(x,t)

∂tj

]
⊕ S[c⊙ w(x, t)] =

= S[g(x, t)]⊕ S

[
(FR)

t∫
0

k(t− s)⊙ w(x, s)ds

]
,

We use the initial conditions (30) and we obtain a system of ordinary

19
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differential equations from m-th row.

m∑
i=1

ai
diW (x,v,r)

dxi +

(
n∑

j=1

bj
vj + c− vs[k(t)]

)
W (x, v, r)] =

= s[g(x, t, r)] +
n∑

j=1

j∑
k=1

bj
vk ψj−k

(x, r),

m∑
i=1

ai
diW (x,v,r)

dxi +

(
n∑

j=1

bj
vj + c− vs[k(t)]

)
W (x, v, r)] =

= s[g(x, y, r)] +
n∑

j=1

j∑
k=1

bj
vk ψj−k

(x, r).

In Section § 4.3 the Natural fuzzy transform (NFT) for solving

fuzzy partial integro-differential equations is studied.

In Subsection § 4.3.1 definition of fuzzy two-dimensional Nat-

ural transform (TDNT) of a function of two variables and its inverse are

given.

Definition 4.3.1. [15] Let w : R+ × R+ → E1 is a continuous fuzzy

function. We assume that the fuzzy function

e−(sx+pt) ⊙ w(ux, vt)

is integrable in a nonproprietary sense in R+ × R+. Then

(FR)

∞∫
0

(FR)

∞∫
0

e−(sx+pt) ⊙ w(ux, vt)dxdt

is called the fuzzy two-dimensional Natural transform and is denoted by

W [(s, p); (u, v)] = N [w(x, t)] = (FR)

∞∫
0

(FR)

∞∫
0

e−(sx+pt)⊙w(ux, vt)dxdt,

(37)

where s, p > 0 and u, v > 0 are variables of the transformation.

Definition 4.3.2. [15] The fuzzy two-dimensional inverse Natural trans-

form is given by the formula

N−1 [W [(s, p); (u, v)]] = w(x, y) =

=
(
n−1[W [(s, p); (u, v, r)]], n−1[W [(s, p); (u, v, r)]]

)
,

20



Chapter 4. Fuzzy transformations for solving LPFVIDE

where

n−1[W [(s, p); (u, v, r)]] =
1

2πı

γ+ı∞∫
γ−ı∞

e
sx
u du

1

2πı

δ+ı∞∫
δ−ı∞

e
py
v W [(s, p); (u, v, r)]dv,

and

n−1[W [(s, p); (u, v, r)]] =
1

2πı

γ+ı∞∫
γ−ı∞

e
sx
u du

1

2πı

δ+ı∞∫
δ−ı∞

e
py
v W [(s, p); (u, v, r)]dv.

For each r ∈ [0, 1] functions W [(s, p); (u, v, r)] and W [(s, p); (u, v, r)] are

analytic functions for each Reu ≥ γ and Rev ≥ δ, where γ and δ are real

constants that are appropriately chosen.

In Subsection § 4.3.2 basic properties of DFNT are given.

Theorem 4.3.2. Let c1, c2 are arbitrary constants. Then

N [c1 ⊙ f(x, t)⊕ c2 ⊙ g(x, t)] = c1 ⊙N [f(x, t)]⊕ c2 ⊙N [g(x, t)] =

= c1 ⊙ F [(s, p), (u, v)]⊕ c2 ⊙G[(s, p), (u, v)].

Theorem 4.3.4. Let a and b are arbitrary constants. Then

N [e(−ax−bt) ⊙ f(x, t)] = F [(s+ a, p+ b); (u, v)].

In Subsection § 4.3.3 definition and theorem of fuzzy convolu-

tion are given.

Definition 4.3.4. Let k(t) and w(x, t) are fuzzy integrable functions.

Then the fuzzy convolution of k(t) and w(x, t) regarding t is given by the

equality
(k ∗ w)(x, t) = (FR)

t∫
0

k(t− s)⊙ w(x, s)ds,

where the symbol ∗ means the fuzzy convolution about t.

Theorem 4.3.7. Let k : R+ → R and w : R+ × R+ → R are fuzzy

functions for which the double fuzzy Natural transformation exists, i.e.

n[k(t)] = K[p; v] and N [w(x, t)] =W [(s, p); (u, v)]. Then

N [(k ∗ w)(x, t)] = vn[k(t)]⊙N [w(x, t)]. (38)
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In Subsection § 4.3.4 new results for DFNT fuzzy partial deriva-

tives of the m-th order are obtained.

Theorem 4.3.8. Let w : R+ × R+ → E1 is a fuzzy function. For each

x > 0 and m ∈ N there exists a continuous private gH-derivative of

(m− 1)−th row regarding x and exists ∂mw(x,t)
∂xm . The functions

e−(sx+pt) ⊙ w(ux, vt), e−(sx+pt) ⊙ ∂mw(ux, vt)

∂xm

are integrable in a nonproprietary sense in R+ × R+. Then

N

[
∂mw(x, t)

∂xm

]
=

∂m

∂xm
N [w(x, t)]. (39)

In Subsection § 4.3.5 the double Natural fuzzy transform is

used to find the exact solution of a LVPIDE

We apply DFNT for equation (29) and obtain

N

[
m∑
i=1

ai
∂iw(x,y)

∂xi

]
⊕N

[
k∑

j=1

bj
∂jw(x,y)

∂yj

]
⊕N [c⊙ w(x, y)] =

= N [g(x, y)]⊕N

[
(FR)

t∫
0

k(t− s)⊙ w(x, s)ds

]
.

We use fuzzy convolution () and we find

N

[
m∑
i=1

ai
∂iw(x,y)

∂xi

]
⊕N

[
k∑

j=1

bj
∂jw(x,y)

∂yj

]
⊕N [c⊙ w(x, y)] =

= N [g(x, y)]⊕ vN [k(t)]⊙N [w(x, t)].

From the fuzzy partial derivatives theorems of the m-th order and the

initial conditions, we obtain(
m∑
i=1

ais
i

ui +
k∑

j=1

bjp
j

vj + vn[k(t)] + c

)
n[w(x, t, r)] =

= n[g(x, t, r)] +
m∑
i=1

i∑
q=1

ais
(q−1)

uq n
[
φ(i−q)(t, r)

]
+

k∑
j=1

j∑
q=1

bjp
(q−1)

vq n
[
ψ(j−q)(x, r)

]
,
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(
m∑
i=1

ais
i

ui +
k∑

j=1

bjp
j

vj + vn[k(t)] + c

)
n[w(x, t, r)] =

= n[g(x, t, r)] +
m∑
i=1

i∑
q=1

ais
(q−1)

uq n
[
φ(i−q)(t, r)

]
+

k∑
j=1

j∑
q=1

bjp
(q−1)

vq n
[
ψ
(j−q)

(x, r)
]
.
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Conclusion

Summary of the results obtained

In the opinion of the author, the main contributions in this dissertation

work are:

1. Sufficient conditions for the existence and uniqueness of the solution of a

nonlinear fuzzy Voltera-Fredholm integro-differential equation are found.

2. A fuzzy analytical method using the Adomian decomposition method is

constructed to find the approximate solution of a nonlinear fuzzy Volterra-

Fredholm integro-differential equation. Sufficient conditions for the con-

vergence of the method are found and an estimate of the error is obtained.

3. A fuzzy transform of Sumudu is constructed. Sufficient conditions for

the existence of the transformation and its application to ordinary and

partial fuzzy derivatives are found.

4. A fuzzy analytical method is constructed which is a combination of Sumudu

fuzzy transform and Adomian decomposition method to find the ap-

proximate solution for the nonlinear Volterra-Fredholm fuzzy integro-

differential equation.

5. A fuzzy Natural transform is constructed to find the exact solution of

a linear fuzzy Volterra integro-differential equation with a convolutional

kernel. Sufficient conditions for the existence of the transformation and

its connection with the Laplace and Sumudu transformations are found.

6. A fuzzy analytical method is constructed that uses the fuzzy variant of

the Sumudu transform to find the exact solution of a linear partial fuzzy

Volterra integro-differential equation.

7. A fuzzy two-dimensional Natural transform is constructed to find the

exact solution of a linear partial fuzzy Volterra integro-differential equa-

tion. Sufficient conditions for the existence of the transformation and its

application for fuzzy partial derivatives are found.
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